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&515.3 Polar Coordinates

· Recall the defa of integral:

SSf(x,y)dA =(im f(xi,y)oxay
N ->a (i1.ER

R
ma

2-A Riemann
Som

· Toevaluate iterate the

SSf(x,y) dA = integral(t
R bh(x)
= S Stldydy s*
a g(x) i;x



②
· when the function f is

radially symmetric the
integral can be evaluated more

easily in polar coordinates

· The idea: change variables

from (x, y) -> (r, A), and

then write the Riemann Sum

in terms of r and 800

In SSfiDdH= lim [FrAordoij
N ->aR Riemanu

Sum in (r,Al

~



③
· Recall the expression for
x and y in terms of rand A:

y
1

x =rCOSO (x,y)
y -

·

y =rsing
N

· this its easy ⑦
I >

*

to white f(x,y) &

in terms of r8 0!

f(x,y) =f (rcost,sino)
=F(r,5)

· Q:How does the area

change betw axoy 8 arof ?



· So consider the problem of ④

evaluating JSfildAin polar
R coordinates -

To do this y
a R ①A =

we write ↑b~integral as
a Riemann

Sum in (V,A)
:5piroro.

Xi=V(OSS; 28j
y j

=GC0S0; Riemana Sum
&

Mr*

SSf(xisidA =
lim [](58.5)*rWA

R N ->D

(5Aj)<RrA

~



⑤
· That is: Draw the region

⑥

Roe in xy-coordinates, cover it

with a grid

P =G V,c...[Vw =rb

Aa
=0.<0.c... AN

=0b

ΔV = Ota J v=0
+2Δr

LA =ODa ·Dj =a +jΔ*

#b...
ya ⑦ 2 View Rop

As
in the⑤ ⑥

a xy-plane
Vav,roorrb ↓



⑥
· Main question:what is
the amplification factor?

I.e., how
much must area

wood in (r,A)-plane be

multiplied to give its area

in the (x13)-plane?

that is:

xxy
=1008
& Amplification
factor for
area

Ans:We get this from the geometry



· To getamification fat
⑨

blow up
the picture-

or

**
I p

①

Area in the (x,y)-plane
is ΔA = vΔrJA

mm

M

Amplificationfactor
=r



· Conclude: ⑧

SSf(X,1)dA =Sim [f(xi,550x5y

R
N-*(X: 5.) =Rxy

=limf (ECUsAi, rising)n8r0A
N -D wo

(58j)<RrA *A

mo
Riemann sum in (18)

- SSf(rcrsA, vsinG)rdvdD
Rro requirestin

amplifica
factor



⑨
· Key Take Away:We are
interested in evaluating an

integral in (x,y)-coordinates

We express the function and

draw the region in (.3-cords

We with the grid in (r,A)&

express a volume element in (r,0)

&Vii =f(ECOSA, risinaruf,
ISf(X,dA =[ΔVij"0x04

R
R

=SSF(r,8]rdrd

i

jjjj

j

j

,



* Example &Find the mass
ꋾ

M of a metal plate of
constant density 5(x,1) =5=coust

that lies betw v =2
,
r =cos,
O= A =TY2

Soln:Picture
->
- - r =2
Mass=SS8 dA 2

R. "Y
⑧ / / 8a

=0

=OSS dxdy V = LOSE
12

Rxy ꋺ2 Varb

=OSSnardA =offrdrdRrA



Mass = sf
*

gerdrdB ꋷ

0 COSF
T

-oy-dA =of2-coste
v
=LOSA

=251- 15 A
z(1 +(0)2A)

=54 - 75(21 +10S2AdA
=54 - I5 (8+Isin2A)]
=84 -5- ESfA] =5

①



· Set up the integral
in ꋸ

polar coords for radius ofgyration
aboutthe x-axis:

In:Rad Egration =Nx
M

Ix =G(y-0dA

=SSsinAJSndudA
Root
2

= 5 "Jr'sinA drdA
0 COSE

M =FN



· Important example- ꋹ

· The "bell shaped curve"of

probabity theory is called

the Gissian Dibution

f(x) + en)=fn,f(x)= -

I o

u
=mean

o
=
=varianc f

o
=standard deviation

sy

Grapefruit



· theorem: the average of ꋺ

N outcomes of a random variable

cappropriately rescaled) always
tends to f for some M, r

M,8

· Background:in the modern

theory of probability (Kolmagorov)

ProbEx-10.673 =Pfo(x)dx
"The probabit that ny

the outcome lies

betwaodI/IIIIN*area under the

graph
(I ↑



· Probability isa number ꋻ

between zero and one -

So for the theory to make

sense, we
must have

gfn,u(x)dX =1

-

8

Problem: Prove this ?
Soln:simplify and

evaluate in polar coordinates



· Change variables 2

ꋼ

f(x) =tre
-F

n,0

5000 o

jfn,w(x)dx =Pr weENax
-Δ

-

Δ

X-M
~Set: U = Ro

dX
dx = -
vo

2

=Cort InAn



Ifn(x)dx =r etin
ꋽ

-o
-Δ

conclude;it suffices to show

(08u-an =
-D

or

juion =
O

Problem-there is no MathB

substitution that works !
For example:v =c=> dv =2ndu

Doesn'twork? 2?



the new trickemploys
ꋾ

polar coordinates -

Set 1 =1098eX=ydydx
=10e-x902-3dy]ax
7
m
constant ?

=[s--
-

jay] e
-

dx
sand integrals

=(82
-

Yax)
=

(02
- xdx

=I



this to evaluate: ⑲

I =90(83
- (xy4dxdy

polar coordinates:12
= x+y2

Rxi(0,0]x(u,8]

Raq:0 =0 =0,01A=

Thus

I =fagae-raude/
x



#a -
rrdrdA

ꌀ
I =SS e

·
u =r2 du =2rdr

=(π2jq -un
0

-AteyUdA
#

=NIdAIAA]N
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